A Hölder type inequality in Besov spaces is established and applied to show that every strong solution u(t, x) on (0, T ) of the Navier-Stokes equations can be continued beyond t > T provided that the vorticity 
Introduction
In this paper we consider the blow-up criterion of strong solutions to the Navier-Stokes equations in R n : ⎧ ⎨ ⎩ ∂ t u − u + (u · ∇)u + ∇p = 0, x ∈ R n , t ∈ (0, T ), ∇ · u = 0, x ∈ R n , t ∈ (0, T ), u(0, x) = u 0 (x), x ∈ R n , (1.1) where u = u(t, x) = (u 1 (t, x), u 2 (t, x), . . . , u n (t, x)) and p = p(t, x) denote the unknown velocity vector and the unknown pressure of the fluid at the point (t, x) ∈ (0, T ) × R n , respectively, and u 0 (x) = (u 1 0 (x), u 2 0 (x), . . . , u n 0 (x)) is a given initial datum satisfying the divergence free constraint that ∇ · u 0 (x) = 0, and n 2 is the space dimension.
There are many classical results on the local existence of smooth solutions to the NavierStokes equations (1.1). For example, Fujita and Kato [4] proved that for u 0 (x) ∈ H s with s > n 2 − 1 there exists T = T ( u 0 H s ) > 0 such that there exists a unique solution u(t, x) to the problem (1.1) in the class
Later on, many authors established the well-posedness of the Navier-Stokes equations (1.1) in more general spaces [1, 6, 7, 10, 14, 16] . It is interesting to ask whether or not the solution u(t, x) blows up at time t = T in some space-time spaces. This question has been studied by many authors. For example, Giga [18] proved that, if u(t, x) is a solution of the Navier-Stokes equations (1.1) in the class (1.2) and satisfies that For regularity of weak solutions, see [5, 11, 12, 15] . From the hydrodynamical point of view, we want to study the regularity of weak solutions by means of the vorticity ω(t, x) = curl u(t, x) = ∇ × u(t, x). Beirão da Veiga proved that, if the vorticity ω(t, x) of the Leray-Hopf weak solution u(t, x) belongs to L q (0, T ; L p (R n )) with 2 q + n p = 2 for 1 < q < ∞ and n/2 < p < ∞, then u(t, x) becomes a strong solution on (0, T ) (see [3] ). In the end-point case p = ∞, Kozono and Taniuchi [9] established the regularity of weak solutions under the condition
where BMO stands for the space of bounded mean oscillations. Based on a logarithmic Sobolev inequality in Besov spaces, Kozono, Ogawa and Taniuchi [12] extended the above condition to the condition 
whereḞ s p,q (R n ) stands for the homogeneous Triebel-Lizorkin space.
From the scaling invariant point of view, it is important that the solution u(t, x) in the space
for 2/q + n/p = 1, 2 q < ∞ and n < p ∞, where u λ (t, x) = λu(λ 2 t, λx) with λ > 0. Similarly, the vorticity ω(t, x) of a solution is also scaling invariant, that is,
So the regularity criterion of weak solutions in terms of the solution u(t, x) and the vorticity ω(t, x) is very natural by the scaling invariance standard. It is natural to ask if the continuation principle remains true for the smooth solution u(t, x) on (0, T ) under a condition for the vorticity ω(t, x) similar to (1.4) . In this paper we shall prove that such a continuation criterion can be derived for the smooth solution u(t, x) on (0, T ) under the assumption that
) are scaling invariant. To establish the continuation principle, we need a bilinear estimate of the Hölder type in the homogeneous Besov spacesḂ s p,q (R n ) for s > 0, 1 p, q ∞:
, where α, β > 0 and
The paper is organized as follows. In Section 2, we first recall the definition of Besov spaces and then prove the Hölder type inequality (1.6). Section 3 is devoted to the proof of the main theorem on the continuation principle under the condition (1.5) for the strong solution u(t, x).
Preliminaries
We first introduce the Littlewood-Paley decomposition and the definition of Besov spaces. For f ∈ S(R n ), the Schwartz class of rapidly decreasing functions, define the Fourier transform
and the inverse Fourier transform
Choose a non-negative radial function χ(ξ ) ∈ C ∞ 0 (R n ) such that 0 χ(ξ ) 1 and
Define the Littlewood-Paley projection operators S j and Δ j , respectively, as
Formally, Δ j is a frequency projection to the annulus |ξ | ∼ 2 j , whilst S j is a frequency projection to the ball |ξ | 2 j for j ∈ Z. For any u(x) ∈ L 2 (R n ) we have the Littlewood-Paley decomposition
Clearly,
We now recall the definition of Besov spaces. Let s ∈ R and 1 p, q ∞, 
and can be identified by the quotient space S /P with the set P of polynomial functions. For details see [2] , [13] or [17] .
For convenience we recall the definition of Bony's para-product formula which gives the decomposition of the product f · g of two functions f (x) and g(x). Definition 2.1. The para-product of two functions f and g is defined by
The remainder of the para-product is defined by
Then Bony's para-product formula reads
We now have the bilinear estimate of the Hölder type in the Besov spaceḂ s p,q .
Then there exists a constant C such that f 1 · f 2 ∈Ḃ s p,q (R n ) and
Proof. By Bony's para-product decomposition (2.1) one has
We first compute the Besov norm
Thus by the definition of the Besov norm we can derive that
where use has been made of the Hölder inequality and the fact that Δ j f p C f p for any j ∈ Z. By the Minkowski and Hölder inequalities the last term on the right-hand side of (2.3) can be bounded above by
Noting the equivalence of the Besov norms
for s < 0, we arrive at
If either p or q equals to infinite, the above argument can be modified accordingly to get the estimate (2.4). For I 2 arguing similarly as above gives
We now consider 
where use has been made of the Minkowski and Hölder inequalities. Using the Minkowski and Hölder inequalities again the above inequality can be evaluated continually as
Collecting the estimates (2.2), (2.4), (2.5) and (2.6) completes the proof of Lemma 1. 2
The blow-up criterion
In this section we take n = 3 as an example to present the blow-up criterion. We first introduce some notations and function spaces. Denote by 
is a strong solution to the Navier-Stokes equations
1) then u(t, x) can be continually extended to the interval (0, T ) for some T > T , where ω(t, x) = ∇ × u(t, x) is the vorticity.
An immediate corollary is as follows.
Corollary 3. Let 0 < α < 1 and let u(t, x) be a strong solution to the Navier-Stokes equations (1.1) satisfying that
If T is the maximal existence time, then
Proof of Theorem 2. We begin with the Navier-Stokes equations in the vorticity form
Multiplying the first equation of (3.3) by ω(t, x) and integrating by parts, it follows that
where use has been made of the fact that
we have by the Cauchy-Schwarz inequality that
where
. By Lemma 1 with α = β, p 1 = q 1 = 2, p 2 = q 2 = ∞, p 3 = q 3 = ∞ and p 4 = q 4 = 2 it follows that
Noting the L p boundedness of singular integral operators for 1 < p < ∞:
and by (3.5), (3.6) and the Gagliardo-Nirenberg inequality we obtain that 
